Charge and magnetic flux bearing operators are introduced in Chern-Simons theory both in its pure form and when it is coupled to fermions. The magnetic flux creation operator turns out to be the Wilson line. The euclidean correlation functions of these operators are shown to be local and are evaluated exactly in the pure case and through an expansion in the inverse fermion mass whenever these are present. Physical states only occur in the presence of fermions and consist of composite charge-magnetic flux carrying states which are in general anyonic. The large distance behavior of the correlation functions indicates the condensation of charge and magnetic flux.
1) Introduction
Chern-Simons theory presents several peculiar properties which made it the object of intense investigation in the few past years. Besides the interest in the purely formal aspects of it there is also a vast potential of phenomenological applications in the physics of condensed matter, more specifically in the quantum Hall effect and high temperature superconductivity.
In this work we consider Chern-Simons theory, both in its pure form and when it is coupled to fermions and investigate the properties of some coherent-like states of the gauge field which carry either magnetic flux, charge or both. The idea is to construct the creation operators for such states by following a general procedure which was applied before [1, 2, 3] (see also [4, 5] for related works) in theories containing Maxwell terms in the lagrangian. As it turns out, the magnetic flux (vortex) creation operator is the Wilson line and its correlation functions are proved to be local (line independent) in Chern-Simons theories. In the absence of fermions, the quantum vortex states are unphysical, because they do not satisfy the condition imposed by the field equation on physical states. When fermions are coupled to the Chern-Simons field, we show that the only physical states are the ones created by composite charge-magnetic-flux carrying operators which are in general anyonic, except for a specific value of the θ parameter of the Chern-Simons theory. We evaluate the correlation functions of them through an expansion in the inverse fermion mass. The large distance behavior of these indicate a total condensation of charge and magnetic flux.
In Section 2 we consider pure Chern-Simons theory and introduce creation operators for vortex-like excitations examining the condition for locality of their correlation functions. The relevant commutators of these operators as well as their correlation functions are evaluated. We also introduce the σ-operators which, in the presence of fermions, will become the creation operators of charged states.
In Section 3, we couple fermions to the theory and determine the corresponding form of the operators carrying charge and magnetic flux under the condition of locality of their correlation functions. We also evaluate the basic commutators and the explicit form of the correlation functions.
Perspectives of application for the work developed here are presented in Section 4. Four Appendixes are included to demonstrate useful results.
2) Pure Chern-Simons Theory
2.1) Flux Carrying Operators
Let us consider in this section pure Chern-Simons theory, whose lagrangian is given
where θ is an arbitrary real number. We want to obtain an operator which creates states bearing magnetic flux and whose correlation functions are local. In a previous
work [1] , we showed that in Maxwell-type theories such an operator could be obtained by requiring that its correlation functions were given by the vacuum functional in the presence of the external field
which would be coupled through the shift F µν → F µν +B µν . The resulting correlation functions were shown to be independent of the curve L appearing in the definition ofB µν in (2.2), being therefore local. In the same way, we are going to introduce a magnetic flux carrying operator in Chern-Simons theory by expressing its euclidean correlation function as
whereB(x, y) =B(z, x) −B(z, y) withB(z, x) given by (2.2). Notice the factor 2 in the above expression. As we will see, this will compensate for the fact that the Chern-Simons lagrangian is not completely expressed in terms of F µν as in the case of Maxwell.
From the above expression we can extract the form of the flux carrying operator,
where in the last step we already went back to Minkowski space. We see that µ is the Wilson line operator. We will show that in Chern-Simons theory it creates sates carrying magnetic flux and possesses local (L-independent) correlation functions.
We can show the path independence of (2.3) by making the change of variable
where L ′ is an arbitrary path going from 
and threfore the path independence of µ-correlation functions is established.
Let us evaluate now the equal time commutator of µ with the magnetic flux oper-
where we used the equal-time commutator
. This shows that indeed the µ-operator introduced above carries b units of magnetic flux. It is therefore a "vortex" creation operator.
2.2) σ-Operators
Let us intruduce now an operator called σ which plays an interesting role, in connection with the magnetic flux carrying operator µ. In Maxwell theory [6] σ would create charged states, being the dual of µ, in the sense of order-disorder duality. Also when coupling charged fermions to the Chern-Simons field (see next Section) we will see that σ becomes a charge carrying operator. Most important of all, however, is the fact that the physical states of the theory will be created by the composite operator σµ.
Again, following the procedure taken for µ, we will introduce local σ correlation functions by coupling to F µν an external field which was used in Maxwell type theories in order to describe the analogous charged operators [6] , namelỹ
We introduce the euclidean σ-correlation functions through
whereC(x, y) =C(z, x) −C(z, y) withC(z, x) given by (2.8).
Now, from (2.9) we can derive the form of the σ-operator
where we went back to Minkowski space in the last step and chose a spatial path. E i is the electric field. From the second expression for σ in (2.10) we see that it commutes with the magnetic flux operator Φ.
As for the case of µ, let us show the path independence of (2.9). We do this by making in (2.9) the change of variable
where L ′ is an arbitrary path going from x (or y) to infinity. Under the above change of variable, the exponent in (2.9) changes as (see Appendix B)
and therefore the correlation function (2.9) is path independent.
2.3) Correlation Functions
Let us evaluate in this subsection the correlation functions involving the operators σ and µ introduced previously. We start with the mixed correlation function which according to (2.3) and (2.9) is given by
This quadractic functional integral can be evaluated through the use of the euclidean propagator of the Chern-Simons field,
+ gauge terms (2.14)
giving the result
where
The exponent in (2.15) will have three terms: BB, DD and BD. Let us first consider the DD term. Inserting D µ , integrating over z and z ′ and using a trivial identity for the ǫ's we get
This is zero because dξ λ dη µ for ξ = η. Let us turn now to the BD term. Inserting (2.16) in (2.15), and following the same steps which led to (2.17) we get
The expression between brackets is the Green function of −2. Hence, the first term above is proportional to δ 3 (ξ − η) and vanishes because we can always choose the curves L and L ′ as nonintercepting. Evaluation of the second term is trivial and gives
Now for the BB term. Using (2.2) and (2.14) we obtain
In Appendix C we show that this expression gives
where ǫ is a regulator which we must set to zero.
Collecting all terms contributing to (2.15), we get
where we defined the renormalized fields
From this point it is very easy to obtain the < µµ † > and < σσ † > correlation functions. They are going to be the exponentials of the BB and DD terms, respectively.
So we get right away
An important remark is now in order, concerning the states whose correlation functions we are evaluating. In pure Chern-Simons theory the field equation
implies that we must impose the "Gauss' Law" condition
on the physical states |phys >. We automatically conclude that the |µ > states are not physical by virtue of (2.7). We could also consider the states created by the composite operator σµ, whose correlation functions would be easily obtained from (2.22) but we immediately see that those would also not satisfy (2.27), being therefore unphysical as well. When we couple fermions to the Chern-Simons theory, on the contrary, we will see in the next Section that the only physical states will be presicely the ones created by σµ. There we will study more carefully the correlation functions and properties of these composite operators.
3) Chern-Simons Theory with Fermions
3.1) Charge and Magnetic Flux Carrying Operators
Let us consider now the Chern-Simons theory coupled to a Dirac fermion,
The field equation is
where j µ =ψγ µ ψ. As a consequence the physical states must satisfy now the condition
where Q = d 2 xj 0 is the matter charge operator.
In order to obtain the local operators σ and µ carrying respectively charge and magnetic flux in the presence of fermions, we shall follow the same procedure adopted previously and introduce the external fieldsB µν andC α in such a way that the correlation functions involving σ and µ are local. Starting with the σ-correlation function, we write
whereC(x, y) =C(z, x) −C(z, y) withC(z, x) given by (2.8). This expression is easily seen to be path independent because of (2.11) and (2.12).
Let us turn now to the µ-operator. For this, we must couple the external field B µν by adding it to F µν . Since the action now is not completely expressed in terms of F µν because of the interaction term, we are going to use the gauge invariance of the fermionic determinant (at least under "small" gauge transformations) to write
whereB(x, y) =B(z, x) −B(z, y) withB(z, x) given by (2.2). Notice that the action used above differs from the one corresponding to (3.1) by a gauge transformation and are therefore equivalent.
The path independence of (3.5) follows immediately from (2.5), (2.6) and the fact that under (2.5)
From (3.4) and (3.5), respectively, we can infer the form of the σ and µ operators in the presence of fermions, namely,
and
Observe that if one imposed the field equation (3.2) on the above operators one would obtain the result that the first and second terms in the exponents of (3.7) and (3.8) are identical.
Let us investigate now the commutation rules of the σ and µ operators obtained above. It is clear that the commutators of these operators with Φ remain the same as the ones found in Section 2. In order to evaluate the commutator of σ with the matter charge operator Q, let us consider the current algebra relation
where M is a functional of the spectral density of the theory and has dimension of mass. Using this, we easily get
The choice a −1 = eθM would imply that the operator σ carried one unit of electric charge.
In Appendix D we show that the operator µ in the presence of fermions, which is given by (3.8) commutes with the charge operator.
3.2) The Mixed Correlation Function
Let us evaluate now the correlation functions of the charge and magnetic flux carrying operators in the presence of fermions. Using expressions (3.4) and (3.5) we write
where we again used the gauge invariance of the fermionic determinant. Let us now integrate over the fermionic field using an expansion in inverse powers of the mass M.
The leading contribution gives [7] < σµσ
The last term in the exponent in the above expression yields three new contributions, which we call respctively BB, BC and BA. The BB term is given by
The second term identically vanishes. The first term is also zero because dξ λ dη γ for ξ = η. We therefore have BB = 0. Let us consider now BC. Inserting (2.2) and (2.8) in (3.15) we immediately find that BC = BD which is given by (2.18) and (2.19).
Finally the BA term. Using (2.2) and a trivial identity involving the Levi-Civita tensors, we find
Inserting the results for these three terms in (3.15), we find
Using the results of Section 2.3, we immediately find
This is our final result for the mixed correlation function in Chern-Simons theory coupled to fermions in leading
We can introduce a composite operator ϕ bearing both charge and magnetic flux, through ϕ(x) = lim
The correlation functions of ϕ can be obtained from (3.16) and (C.2), giving
The multivaluedness of this correlation function, which is a consequence of the arg functions is a reflection of the nontrivial commutation relation of the ϕ field with itself For the special choice a −1 = eθM when σ carries one unit of charge, we see that the condition for physical states becomes θb = e.
The ϕ-states are usually anyonic. The only exception occurs for the special value
, for which the last term in (3.18) vanishes and ϕ is bosonic
It is quite interesting to study the long distance behavior of the ϕ correlation function. From (3.20) we see that in the bosonic case a unique limit exists, namely
This implies the condensation of charge and magnetic flux.
In the anyonic case the correlation function is multivalued, the many branches of it corresponding to various posible orderings of the scalar operators on the left hand side [8, 9, 2] . In this case one should have the condensate of bosonic bound states of anyons. We conclude that the only physical states associated with the σ and µ operators in Chern-Simons theory with fermions form a condensate of charge and magnetic flux.
4) Final Remarks
The formalism for the description of quantum states bearing magnetic flux and charge 
A)
Appendix A 
where x i is either x or y. Making the change of variable (2.5) in the above expression, we get
The Ω term coming from the last term in (A.1) vanishes because it is proportional to
This is zero because d 2 ξ µ ⊥dη µ for ξ = η. Also the Ω − Ω term coming from the first term in (A.1) vanishes because it is proportional to
Inserting Ω µ in (A.2) and integrating over z, we get
This demonstrates (2.6).
B) Appendix B
Let us demonstrate here Eq.(2.12) and thereby establish the path independence of (2.9). Inserting (2.8) in (2.9) and integrating over z, we immediately see that the exponent in (2.9) is in the form
where x i is either x or y. Making the change of variable (2.11) in the above expression, we get for ∆S CS [B µν ] an expression identical to (A.2), withΩ instead of Ω. Again theΩ-Ω andΩ-C µν terms vanish for the same reasons as in the previous Appendix.
Inserting (2.11) in the place of Ω µ in (A.2) we get
This demonstrates (2.12).
D) Appendix D
Let us demonstrate here that the operator µ, given by (3.8) commutes with the charge operator. The first term in the exponent in (3.8) obviously commutes with the charge density j 0 . The second term is
For convenience, we are working in euclidean space. Inserting the identity (C.1) in (D.1) and integrating in ξ we get
where Φ µ is given by (C. and we can write
where we integrated by parts and used the conservation of current. It is now clear that J also commutes with the charge density j 0 and therefore so does the operator µ.
